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s the quintessential NP-complete problem
retically well-studied

ical algorithms for large problem instances
d emerging in the last five years

any applications in EDA and other fields
otentially have similar impact on EDA as BDDs

professionals should have good working
ledge of SAT formulations and algorithms
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a suitable representation for a Boolean
on f(X):

d an assignment X* such that f(X*) = 1

prove that such an assignment does not exist (i.e. f(X) =0
all possible assignments)

“classical” SAT problem, f(X) is represented in
ct-of-sums (POS) or conjunctive normal form

)

decision (yes/no) problems can be formulated
directly or indirectly in terms of Boolean
iability




¢=(a+c) (b+g) (-a+Eh+-c)

Positive

Clause Literal

Negative
Literal

ation
=Xty
= =(5y) + (=x)

= -y - -X (contra positive)
nments: {a=0,b=1}=-ab
rtial (some variables still unassigned)
mplete (all variables assigned)
nflicting (imply —¢)
=(@a+c)(b+c)(-a+-b+-c)




ral technique for deriving new clauses
ple:w, =(-a+b+c),w,=(a+b+d)
ensus:

con(w,, w,, a) = (b +c+d)

lete procedure for satisfiability [Davis, JACM’60]
ctical for real-world problem instances

lication of restricted forms has been successful!
., always apply restricted consensus

con((-a + a), (a+ a), a) = (a)

a is a disjunction of literals

violated satisfied unresolved satisfied

a+-b)(-a+b+-c)la+c+d)(-a+-b+-c)

L rtrrrrrrorod

a4 b assigfic and d unassigned|
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resolved clause is unit if it has exactly one

igned literal
¢=(a+c)(b+c)-a+-b+-c)

clause has exactly one option for being

ied

ab - -c

must be set to 0.




ble is pure if its literals are either all positive or all
e

bility of a formula is unaffected by assigning pure
es the values that satisfy all the clauses containing them

0 =@ +@)(b +@)(b + ~d)(-a + -b +d)

to 1; if ¢ becomes unsatisfiable, then it is also
isfiable when c is set to 0.

h?

h [d==(ab)] [e=-(b+c)] [f=-d] [g=d+e] [h=fg]




§:| )e-d

¢g=[d=~(ab)][~d=ab]

=[d =-a + -b][-d =a b]
d+abd] =(-a - d)(-b - d)(ab - -d)
+-b-d+abd] =(a+d)(b+d)(-a+-b+-d)
+d)(-a + b + =d)

E [d==(ab)] [e=—(b+c)] [f=-d] [g=d+e] [h=fg]
(a + d)(b + d)(-a + -b + -d)

(-b +-e)(-c +-e)(b+c+e)

(-d + =f)(d +f)

(~d + g)(-e +0)(d + e + )

(F-+=h)(g + ~h)(~f + g + h)
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attern Generation:
ck-at, Delay faults, etc.
dundancy Removal

it Delay Computation

inational Equivalence Checking
ded Model Checking

rscalar processor verification
routing
analysis




delay be > A?

acteristic Function  [McGeer,ICCAD'91]

stable

tic functions xY! to represent
it delay coﬂ‘rputatrmras-an mstance of SAT !

T

= node y stabilizes no ealier than t
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ere any input vector x=(X,X,,X3,X,), such that x Xe3(x)=1 ?
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O candidate path

@ maximum delay

[ required delay

X, |
 re— e~

e

M non-sensitizable path
O candidate paths

lving the SAT problem we obtain: x *e3(x)=0

e critical delay A is smaller than or equal to 3 !




em formulation,
tem property P does not hold in one of the first k states
owing initial state I,

p(0,1) 0p(1,2) O... Op (k-1,k) O(=Py O-P; ... O-P))

ate SMV-compatible model and create instance of SAT, in
F format
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SAT Algorithms

Complete Incomplete

AeatiBfiBBllity Cannotarsaechightifiabiity
(original DP) Continuous formulations

s method (SM) Genetic algorithms

learning (RL) Simulated annealing

Tabu search




ively apply resolution (consensus) to eliminate one
le each time

, resolution between all pairs of clauses containing x and -x
mula satisfiability is preserved

applying resolution when,

her empty clause is derived = instance is unsatisfiable

only clauses satisfied or with pure literals are obtained =
tance is satisfiable

(b +c)(d + ¢)(-a + =b + =C) Eliminate variable ¢

a+—|b)(b+—|a+—|b)(d+—|a+—|b)

a+-b) Instance is SAT !

rsive application of the branch-merge rule to each
le with the goal of identifying common conclusions

¢ = (a+ b)(-a +c) (-b + d)(-c + d)
(@a=0)=>(b=1)=(d=1) C@=0)={a=0,b=1,d=1}

@=1)=((c=1)=({d=1) Ca=1)={a=1,c=1,d=1}

(a=1)={d=1} Any assignment to variable a impliesd =1
Hence, d = 1 is a necessary assignment !




(a '!' b)(—-a '9' C) (—Ib + d)(—IC + d)

N\ /

L | Sequence of resolution
~_ | | operations for finding

resolution ™ necessary assignments
(c+d)

~

.
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provides a resolution (d)
r identifying
tion operations

rsive evaluation of clause satisfiability requirements
ntifying common assignments

¢ =(a+b)(-a+d)(-b+d)
(a=1)=(d=1) Ca=1)={a=1,d=1}

(b=1)= (d=1) Chb=1)={b=1d=1}

(b=1)={d=1} Everyway of satisfying (& + b) implies d = 1.
Hence, d =1 is a necessary assignment !




®=(@+b)(-a+d) (=b+d)

resolution ///
(b +d)

.
~.
~
.

resolution Y

(d)

provides yet
nism for identifying
tion operations

Sequence of resolution
operations for finding
necessary assignments

complete procedures for SAT

arck’s method (in CNF):
othetic reasoning based on variables

rsive learning (in CNF):
othetic reasoning based on clauses

tive resolution operations

can be viewed as the process of identifying

can be integrated into backtrack search algorithms




at M times:
ndomly pick complete assignment

peat K times (and while exist unsatisfied clauses):

Flip variable that will satisfy largest number of unsat clauses

)(~a+c) (b +d)(-c +d) Pick random assignment

N

(ma +c) (b + d)(-c + d) Flip assignment on d

)(ma + ¢) (=b + d)(-c + d) Instance is satisfied !

probability p, flip variable in unsatisfied clause
probability 1 — p, apply GSAT procedure

r than GSAT for hard, structured, satisfiable
m instances




search is incomplete
stances are known to be SAT, local search can be competitive

lution is in general impractical

arck’s Method (SM) and Recursive Learning (RL)
general slow, though robust

and RL can derive too much unnecessary information

ost EDA applications backtrack search (DP) is
ntly the most promising approach !

gmented with techniques for inferring new
uses/implicates (i.e. learning) !
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ict analysis
use/implicate recording

n-chronological backtracking

orate and extend ideas from:
solution

cursive learning

Imarck’s method

ula simplification & Clause inference

omization & Restarts

g backtrack search, for each conflict create clause
xplains and prevents recurrence of same conflict

¢ = @+ b)(=b +@+ d) (=b + e)(-d + -e H{)...

cisions)c=0andf=0

and imply assignments
reached: (-d + -e + f) is unsat
=0)0(f=0)= (¢ =0)
=1)0(c=1)0(=1)




es derived from conflicts can also be viewed as
sult of applying selective resolution

+-e +f)...

~

\ -

(@a+c+-e+f) -
\\..;_\\\‘ P

(a+c+f) UtGitanisesi@ pravent oanflict
anthispies@ssignheeobaftict !

e recording can be made polynomial
r each conflict 1 clause is recorded

ep clauses of size <K

ger clauses get deleted when (become) unresolved

wth in the number of clauses is polynomial in K

ance-based learning
lete large unresolved clauses with > M free literals




rack to one of the causes of the conflict

= (@ +b)(=b +@+ d) (-b + e)(~d + -e +)

isions)c=0,f=0,h=0andi=0

f)impliesa=1
gain reached: (-d + —e + f) is unsat
0)0(f=0)=(¢=0)

g backtrack search, in the presence of conflicts,

(a+c+ (S8 +g)(-g + b)(=h + (=i + K)..

a = 0 caused conflict = clause (a + ¢ + f) created

=mD@=DDG=1

lution:
nsat clause (c + f)

ck to most recent decision: f=0

(c+f)




it structure of conflicting implication sequences
ntifying more necessary assignments

= (@a+b)(-b+c+-g)(-b+-h)(g+h+i)
(mi+d) (-i+e)(-d+-e+1)...

isions) c =0, f=0, and a = 0, and imply assignments

\

clegssde(tlafsen@ @ et i)
akBRjirfdaasignneah@ad 1

lution, Stalmarck’s method and recursive learning
e incorporated into backtrack search (DP)

ate additional clauses/implicates

anticipate and prevent conflicting conditions

identify necessary assignments

allow for non-chronological backtracking

within DP:
¢) (-a+b+d)

yd
S
“ -
AN S

+c+d) Clause provides explanation

for necessary assignmentb =1




=0)=>((b=1)=(d=1)

=0)=>(c=1)
1)0(g=0)=(d=1)

m:

""" resolution

(b+e+c+i

A

AN

| @d+e+c+
0)0(g=0)=(d=1)
(e +f+g+d)

Clause provides explanation
for necessary assignment d = 1

o= l-2+d+e) (-b+d+c)
\.\\\ \\ \.\.\

=0)=(d=1)
=0)=(d=1)

=0)J(c=0)=(d=1)

m:

AN
\

\_resolution

(b+c+e+d) .;
resolution

(C+ e +d)

Clause provides explanation
for necessary assignmentd =1




ate clauses and variables
+ =y) and (=X +y) exist, then x and y are equivalent, (X « Y)
eliminate y, and replace by x

remove satisfied clauses

lize 2CNF sub-formula for identifying equivalent variables

+c)(=c + d)(=d + b)(=d + a) Implication graph:

d
-~c)(c-d)(d-b)d-a)
d are pairwise equivalent
Il variables by a > >
Y a b c

nce of CNF sub-formulas such that x = f(a,b)
f(a,b) and y =f(a,b), then x « y

is represented as (a + -x)(b + =x)(-a + =b + x)

is represented as (a + —y)(b + =y)(-a + =b +y)

n use resolution to obtain: (x + =y)(y + =X)

Hence, X « y




(@+-y)b+-y)(-a+-b+y

AN
AN
AN

/
Y

resolution

e resolution

ort-set equivalence can be viewed as the
tion of two binary clauses:

(=X +y)(=y +X)

se pattern matching techniques for inferring
binary/unit clauses

establish 2-variable equivalence (pair of binary clauses)
identify implication relations (single binary/unit clause)




Infer (I, + -l,)

Inference: 2 Binary / 1 Ternary (2B/1T) Clauses

es: 1B/1T, 1B/2T, 3B/1T, 2B/1T, OB/4AT

search pruning techniques can be explained as
ular ways of applying selective resolution
nflict-based clause recording

n-chronological backtracking

ending Stalmarck’s method to backtrack search

ending recursive learning to backtrack search

use inference conditions

ral resolution is computationally too expensive !
techniques indirectly identify which resolution
tions to apply !

create new clauses/implicates

To identify necessary assignments




imes of backtrack search SAT solvers characterized
avy-tail distributions

r a fixed problem instance, run times can exhibit large
iations with different branching heuristics and/or branching
domization

Distributions

%below

o
©o -
eeeeeea- g

©
)

g40 Distrib

B

2000 4000 6000 8000 10000 12000 ‘Packiracks

Distributions

g40 Distrib
g100 Distrib
******************************* —g10 Distrib

20000

30000 40000 50000

10000

# backtracks




h strategy: Rapid Randomized Restarts
ndomize variable selection heuristic
lize a “small” backtrack cutoff value

peatedly restart the search each time backtrack cutoff
ched

Use randomization to explore different paths in search tree

ake the search strategy complete
rease backtrack cutoff value after each restart

tilize learning

eful for proving unsatisfiability

tilize portfolios of algorithms and/or algorithm
urations

her, run K algorithms (or algorithm configurations)
concurrently, in different processors, or

sequentially, in a single processor

after each restart, pick an algorithm from a portfolio

o useful for proving unsatisfiability
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ate scalability of modern SAT solvers
ility to solve large problem instances

ate practical application of the techniques
ibed for backtrack search

use recording and non-chronological backtracking
cursive Learning / Stalmarck’s Method

F formula simplification

ndomization and restarts

rtfolio of algorithm configurations

modern backtrack search SAT algorithm, GRASP




large problem instances

ological backtracking (NCB)
recording (CR)
served often and can be crucial




L can be useful

mplification can be significant




1]
fomain | |
2d

tion & Restarts can be effective

EELE
rification| |

algorithm configurations can be essential




recent SAT algorithms and (EDA) applications

Applications

unded Model Checking
mbinational Equivalence Checking
perscalar processor verification

t Pattern Generation: Stuck-at, Delay faults, etc.
dundancy Removal

cuit Delay Computation

Applications
ise analysis, etc.

lete vs. Incomplete algorithms
cktrack search (DP)

solution (original DP)

Imarck’s method

cursive learning

al search

iques for backtrack search (infer implicates)
flict-induced clause recording

-chronological backtracking

olution, SM and RL within backtrack search

mula simplification & clause inference conditions
domization & restarts




ithms:
plore relation between different techniques

backtrack search; conflict analysis; recursive learning;
branch-merge rule; randomization & restarts; clause
inference; local search (?); BDDs (?)

dress specific solvers (circuits, incremental, etc.)

velop visualization aids for helping to better understand
blem hardness

ations:

ustry has applied SAT solvers to different applications

SAT research requires challenging and representative
publicly available benchmark instances !

os.inesc.pt/grasp
os.inesc.pt/sat
0s.inesc.pt/~jpms (jpms@inesc.pt)

dante.eecs.umich.edu/grasp_public
us6.cs.ucla.edu/GSRC/bookshelf/Slots/SAT/GRASP
cs.umich.edu/~karem (karem@umich.edu)
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rack Search
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nflict-induced necessary assignments
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rack Search (Cont'd)
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rmula simplification

Li, AAAI'2000; Marques-Silva, CP’2000

arck’s Method

Stalmarck, Patent’89; Groote&Warners, CWI TechRep’1999
rsive Learning
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Search
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